Abstract

This work addresses the numerical analysis of coupled partial differential equations with
mixed dimensionality. We formulate a scheme using the finite element method. We
prove the existence and uniqueness of the discrete solution, and we also show the con-

vergence of the method by deriving a priori error bound.
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The unknown parameters are:

* 5 and « represent velocity, and «x, 1s the permeability or transter coetficient.

*|D(s)| is the area cross section and |dD(s)| is the perimeter of the cross section at
point s € (0,L) = A.

Motivation

e To formulate a stable numerical scheme that will enable accurate prediction of drug

delivery in the blood vessel.

Assumptions

he parameter x € L*(A) is strictly positive and is bounded below by x,;, > O.
here exists positive constants Cp, Cyp independent of s, such that

|D| = Cp(diam(D))?, |dD| = Cypdiam(D)

A, Q) are bounded domains in R and R’ respectively and A cC Q.
*|D(s)| # 0 at any point s € (0,L) , in other words, ming |D(s)| > 0.

Weak Solution

* The weak form of our PDE is given by
AU, V)=F(V),
where
AU, V)=ac(u,v)+a(U,V)+ca(u,v)+ca(U,V)+ba(u-U,7-V) (2)
F(V)=(f,0)a+(g, V)ap) (3)

* We proved the existence and uniqueness of the weak form using the Lax-Milgram
Theorem
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Bilinear Form

ao(u,v)=(Vu,Vo)q
an(U,V)=(dsU,ds V)A,lDl

ba(u,v) = (K”/U)A,wm

calu,v) =(B-Vu,v)q
ca(U, V) =(adsU, V), D

Drug Delivery in the blood Vessel

Numerical Method and Scheme

* Finite Element Method
Let 731 be a partition of domain (2 and 7;(1 a partition of domain A. Define
V=V ixVA
where
V;? ={veC(Q):v|ge Py, VE € 731 and v=0 on JdQ}

and
VA={VeCA):V |keP,VKeT, and V(L)=0}
Then, the finite element solution consists of finding

U, eVy, AU, V) =F(Vy) YV,eV,
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Assumptions

To prove the existence and uniqueness of the finite element solution, we use both the
Poincare’s and the weighted Poincare’s inequality. We also assume the following con-

ditions on f and « :
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where Cp and Cp- are constants from the Poincare’s and weighted Poincare’s inequality
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Discrete Solution

Lemma 0.1. Given f € L*(Q) and ¢ € L*(A). Suppose there exists positive constants

Cp and C p such that (10) and (11) are satisfied, then there exists a unique solution to
the problem (9).

Convergence

Theorem 0.2. Suppose u € H %_E(Q),LI € H*(A). Under the assumptions (12) and
(13), there exists a constant C independent of u,U and h such that
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Future works

e Formulating a scheme that combines finite element method for the 3D problem and
discontinuous Galerkin method for the 1D problem.
e Proving the existence and uniqueness of the discrete solution for the scheme

* Deriving a priori error bound for the combined the method.
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